In this paper, a switching manifold approach is developed for nonlinear feed-back control of chaotic systems. The design strategy is straightforward, and the nonlinear control law is the simple bang-bang control. Yet, this control method is very effective; for instance, several desired equilibria can be stabilized by using one control law with different initial conditions. Its effectiveness is verified by both theoretical analysis and numerical simulations. The Lorenz system simulation is shown for the purpose of illustration.
INTRODUCTION
In recent years, chaos control has received increasing attention from the communities ofphysics, engineering, mathematics, and biomedical sciences, due to its great potential applications in many interdisciplinary areas such as laser and plasma physics, secure signal and image communications, human heart and brain signal analyses, chemical reactions, power electronics, and fluid dynamics as well as economics and ecology [1] [2] [3] [4] [5] [6] .
Although significant progress has been achieved, profound theories, deep understanding and unified methodologies for chaos control are still in their forming and developing phase.
Most existing methods for controlling chaos are based on linear or linearized controls, which are often not satisfactory since it is not always possible to use a linear controller to well handle a nonlinear system, particularly a complex chaotic system. On many occasions, nonlinear control methods prove to be necessary. In fact, nonlinear controls are Corresponding author. promising not only for chaotic systems but also for various types of nonlinear and complex dynamical processes.
There have been some nonlinear feedback control methods developed for chaos control [3] [4] [5] [6] [7] [8] [9] [10] ; some of them have been extended to controlling hyperchaos as well as spatiotemporal chaos [11] [12] . A basic reason is that nonlinear control is generally superior over linear ones, especially when the objective is to have optimal control performance, such as achieving the fastest control time, the desired transient response, or some specified robustness properties. One typical method is the variable structure control, known also as sliding mode control, which has the advantage of being robust to system parameter variation and external perturbation. In this approach, the controller follows a switching law that can guide the system trajectory to a stable manifold (called the switching manifold), as demonstrated for the Lorenz system in [13, 14] . Here, it is noted that when these variable structure control methods are applied, different switching manifolds and control laws are generally needed if the system orbits are controlled to different equilibria. As another reference, this type of strategy was used for control and synchronization of discrete-time chaotic systems [15] , where input-output linearization remains to be the main methodology.
In this paper, we present two switching manifold and nonlinear feedback methods for controlling chaos. The design strategy is simple, and the nonlinear control law is a bang-bang control. This method differs from those of [13] [14] [15] in that this approach only needs one control law to stabilize several desired unstable equilibria, by changing either the initial condition or the feedback control gain.
THE CHAOS CONTROL PROBLEM AND DESIGN PRINCIPLE
Consider an n-dimensional chaotic system, To stabilize a desired unstable equilibrium embedded in the chaotic attractor, a controller is applied:
where G(x) is an n x rn matrix-valued nonlinear function to be determined alongside of the controller u(. ).
To design a nonlinear controller for the intended task, the basic principle is summarized as follows. To start, a switching manifold, which containing the target equilibrium, is first identified. Then, using a bang-bang control, the system state is driven from outside the manifold (usually nearby) to move toward the manifold. In much the same way, the other switching manifold is obtained for another equilibrium and the system state near the target is forced to slide onto it. The control law so designed is in a simple nonlinear feedback form. Details are illustrated in the following sections. 
Our goal is to find a state-feedback controller, in the form of (2.2) or (2.3), to stabilize the system and to arrive at the equilibrium P or Q, using the right initial condition and a suitable feedback control gain.
To do so, a switching manifold,
is first identical, such that:
(i) it contains all targets, namely, P and Q;
(ii) it is transversal to the column vectors of the input matrix, G(x), almost everywhere near P and Q, namely, its tangential vector near P and Q is not parallel to the column vectors of G(x); (iii) it is a locally stable manifold around the targets P and Q; that is, within the manifold s(x)= 0 both P and Q are stable equilibria.
For system (2.1), the manifold can be taken in the following form (which is not unique):
It is easy to see that the first and second conditions can be satisfied by this switching manifold, namely, As to the third condition, we only verify the stability around the point P on the manifold, since the analysis for the point Q is similar. In system (2.1), we first shift the point P to the origin, by using the transformation which is asymptotically stable at (zl,z2)=(0,0), system (2.10) is (locally) asymptotically stable near the point P.
In much the same way, the point Q can be shifted to a new, locally stable equilibrium.
Remark 1 Another equilibrium, x (x, x2, X3) (0, 0, 0), is also in the manifold (2.5) and the dynamics on this manifold near the point x 0 can also be derived. In fact, its behavior is just like a saddle point on (2.5). For this point, the switching manifold cannot be used to stabilize it since it is not even locally stable in the manifold. which, again, is not a unique choice. Actually, the manifolds (2.5) and (2.12) can both be used successfully for controlling the Lorenz system, as shown in our numerical simulations below.
NONLINEAR FEEDBACKS
In the last section, two possible switching manifolds (2.5) and (2.12) , are formulated and the reduced system dynamics on these manifolds were analyzed. Now, we are in a position to design a suitable controller to guide the system nearby states to converge to the selected manifold. there is some drift distance from the target on uncertainty on the selected switching manifold. If, and only if, a controller of the form u u0 + bteq is used, this drift error can be eliminated (see also Fig. 4(c) ), so that exact target tracking can be achieved. The Lyapunov exponents were found to be (-0.49, -0.58, -0.74) after stabilized at P or Q in this simulation. Furthermore, using another controller in the form of (3.6) or (3.7), numerical simulations have also shown that the two equilibria, P and Q, can be (2) There is an optimal value of the gain under which is a fastest control time to reach the point P or Q. For instance, the above 1.76 is optimal and the control time is about 0.15.
(3) The gain e cannot be too small or too big; otherwise it fails to control the chaos or the control time becomes too longer. In general, the range of e is observed to be in (0.5,100) for the Lorenz system. In summary, all the simulations results are successful, which demonstrate that the proposed two nonlinear controllers can stabilize any desired unstable equilibria and the effects of control depends on both the initial conditions and the feedback gain.
CONCLUSIONS
In this paper, chaos control is studied within the scope of stabilizing the system states to different desired unstable equilibria by using only one nonlinear feedback controller, whereas it is based on the idea of switching manifold in the spirit of variable structure control. It has been observed that to which target the state is stabilized has its own contingency (chance), which is consistent with the certainty (or uncertainty) of chaos control, an important topic for future studies. The numerical simulation results on the Lorenz system have demonstrated the theoretical analysis and the effectiveness of the control methods. Potential applications of the proposed chaos control methods include stabilization of different equilibria in condensed matter and chemical reactions, among others.
